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5-rank of ambiguous class groups of
quintic Kummer extensions
Fouad ELMOUHIB Mohamed TALBI Abdelmalek AZIZI
Abstract
Let k = Q( 5
√
n, ζ5), where n is a positive integer, 5
th power-free, whose 5−class group is
isomorphic to Z/5Z × Z/5Z. Let k0 = Q(ζ5) be the cyclotomic field containing a primitive 5th
root of unity ζ5. Let C
(σ)
k,5 the group of the ambiguous classes under the action of Gal(k/k0) =
< σ >. The aim of this paper is to determine all integers n such that the group of ambiguous
classes C
(σ)
k,5 has rank 1 or 2.
1 Introduction
One of the most important problems in number theory is the determination of the structure of class
group of a number field, particularly its rank. The case of quadratic fields, Gauss’s genus theory,
determines the rank of 2-class group. In a series of papers ( see [3], [4], [5]), Frank Gerth III proved
several results on pure cubic extension of Q and on cyclic cubic extension of Q. Recently, S.Aouissi,
M.C.Ismaili, M.Talbi, A.Azizi in [1] had classified all fields Q( 3
√
n, ζ3) whose 3−class group is of type
(9, 3).
Let k = Q( 5
√
n, ζ5), a number of researchers have studied the 5-class group Ck,5 and the calculation
of its rank. M.Kulkarni, D.Majumdar and B.Sury in [14] proved some results that are seen as gener-
alisation of Gerth’s work to the case of any odd prime, and they give more details in case of 5-class
group of k. In [17], C.Parry gives a formula of class number of pure quintic field Q( 5
√
n), which we
use in our results.
Let n > 1 be a 5th power-free integer and k = Q( 5
√
n, ζ5) be a quintic Kummer extension of the
cyclotomic field k0 = Q(ζ5), and denoted by C
(σ)
k,5 the 5-group of ambiguous ideal classes under the
action of Gal(k/k0) = 〈σ〉, i.e C(σ)k,5 = {A ∈ Ck,5| Aσ = A} . Let k∗ = (k/k0)∗ be the maximal
abelian extension of k0 contained in the Hilbert 5-class field k
(1)
5 of k, which is called the relative
5-genus field of k/k0.
We consider the problem of finding the radicands n of all pure quintic fields Γ = Q( 5
√
n), for
which the Galois group Gal(k∗/k) is non-trivial. The present work gives the complete solution of
this problem by characterizing all quintic Kummer extensions k/k0 with 5-group of ambiguous ideal
classes C
(σ)
k,5 of order 5 or 25. This paper can be viewed as the continuation of the work of M.Kulkarni,
1
D.Majumdar and B.Sury in [14].
In fact, we shall prove the following Main Theorem:
Theorem 1.1. Let Γ = Q( 5
√
n) be a pure quintic field, where n > 1 is a 5th power-free integer, and
k = Q( 5
√
n, ζ5) be its normal closure. We assume that the 5−class group Ck,5 is of type (5, 5).
(1) If rank (C
(σ)
k,5 ) = 1, then the integer n can be written in one of the following forms:
n =


5ep21p2 6≡ ±1± 7 (mod 25) with p1 or p2 6≡ ±7 (mod 25)
5ep1 6≡ ±1,±7 (mod 25) with p1 6≡ −1 (mod 25)
5ep1 6≡ ±1± 7 (mod 25) with p1 ≡ ±7 (mod 25)
pe11 p2 ≡ ±1,±7 (mod 25) with p1 ≡ 9, 14, 4, 19 (mod 25), p2 ≡ ±2, 3 (mod 25)
pe11 ≡ ±1,±7 (mod 25) with p1 ≡ −1 (mod 25)
pe11 p2 ≡ ±1± 7 (mod 25) with pi ≡ ±7 (mod 25)
(1)
where p1, p2, p3 are primes and e, e1 are integers in {1, 2, 3, 4}.
(2) If rank (C
(σ)
k,5 ) = 2, then the integer n can be written in one of the following forms:
n =


5ep1 6≡ ±1,±7 (mod 25) with p1 ≡ 1 (mod 5),
pe11 p2 ≡ ±1,±7 (mod 25) with p1 ≡ 1 (mod 5), p2 ≡ ±2,±7,±3 (mod 25)
pe11 ≡ ±1,±7 (mod 25) with p1 ≡ 1 (mod 25),
(2)
where p1, p2 are primes and e, e1 are integers in {1, 2, 3, 4}.
This result will be underpinned by numerical examples obtained with the computational number
theory system PARI/GP [20] in section 5.
Notations.
Throughout this paper, we use the following notations:
• Γ = Q( 5√n): a pure quintic field, where n 6= 1 is a 5th power-free positive integer.
• k0 = Q(ζ5), the cyclotomic field, where ζ5 = e2ipi/5 a primitive 5th root of unity.
• k = Q( 5√n, ζ5): the normal closure of Γ, a quintic Kummer extension of k0.
• Γ′ , Γ′′ , Γ′′′ , Γ′′′′ , the four conjugates quintic fields of Γ, contained in k.
• u: the index of subgroup E0 generated by the units of intermediate fields of the extension
k/Q in the unit group of k.
• 〈τ〉 = Gal(k/Γ) such that τ4 = id, τ3(ζ5) = ζ25 , τ2(ζ5) = ζ35 , τ(ζ5) = ζ45 and τ( 5
√
n) = 5
√
n.
2
• 〈σ〉 = Gal(k/k0) such that σ5 = id, σ(ζ5) = ζ5 and σ( 5
√
n) = ζ5 5
√
n, σ2( 5
√
n) = ζ25
5
√
n,
σ3( 5
√
n) = ζ35
5
√
n, σ4( 5
√
n) = ζ45
5
√
n.
• λ = 1− ζ5 is prime element above 5 of k0.
• q∗ = 0, 1 or 2 according to whether ζ5 and 1 + ζ5 is not norm or is norm of an element of
k∗ = k \ {0}.
• d: the number of prime ideals of k0 ramified in k.
• For a number field L, denote by:
– OL: the ring of integers of L;
– EL: the group of units of L;
– CL, hL, CL,5: the class group, class number, and 5-class group of L.
– L
(1)
5 , L
∗: the Hilbert 5-class field of L, and the absolute genus field of L.
k
Γ Γ
′
Γ
′′
Γ
′′′
Γ
′′′′
k0
Q
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5
4
4
5
2 Genus field
In this section we use genus theory to prove that the radicand n, must be divisible by at most one
prime p such that p ≡ 1 (mod 5).
In chapter 7 of [9], Ishida has explicitly given the genus field of any pure field. For the pure quintic
field Γ = Q( 5
√
n) where n is 5th power-free naturel number, we have the following theorem.
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Theorem 2.1. Let Γ = Q( 5
√
n) be a pure quintic field, where n ≥ 2 is 5th power-free naturel number,
and let p1 , , , , pr be all primes divisors of n such that pi congruent 1 (mod 5) for each i ∈ {1, , , , , r}.
Let Γ∗ be the absolute genus field of Γ, then
Γ∗ =
∏r
i=1M(pi).Γ,
where M(pi) denotes the unique subfield of degree 5 of the cyclotomic field Q(ζpi). The genus number
of Γ is given by, gΓ = [Γ
∗ : Γ] = 5r.
Remark 2.1.
- If no prime p ≡ 1 (mod 5) divides n, i.e r = 0, then Γ∗ = Γ.
- For any r ≥ 0, Γ∗ is contained in the Hilbert 5-class field Γ(1)5 of Γ.
Corollary 2.1.
(1) If 5 divides exactly the class number hΓ, then there is at most one prime p ≡ 1 (mod 5) divides
the integer n.
(2) If 5 divides exactly hΓ, and if a prime p ≡ 1 (mod 5) divides n, then Γ∗ = Γ(1)5 ; (Γ
′
)∗ =
(Γ
′
5)
(1); (Γ
′′
)∗ = (Γ
′′
5)
(1); (Γ
′′′
)∗ = (Γ
′′′
5 )
(1); (Γ
′′′′
)∗ = (Γ
′′′′
5 )
(1). Furthermore, k.Γ
(1)
5 = k.(Γ
′
5)
(1) =
k.(Γ
′′
5)
(1) = k.(Γ
′′′
5 )
(1) = k.(Γ
′′′′
5 )
(1)
Proof.
(1) If p1, , , , pr are all prime congruent to 1 (mod 5) and divides n, then 5
r|hΓ therfore if 5 divides
exactly hΓ then r = 1, so one prime p ≡ 1 (mod 5) divides n exist, or no one.
(2) If hΓ is exactly divides by 5 and p ≡ 1 (mod 5) divides n, then gΓ = 5 so, Γ∗ = Γ(1)5 = Γ.M(p),
we have gΓ = 5 so, (Γ
′
)∗ = Γ
′∏r
i=1 .M(pi) where p1, , , , pr are prime congruent to 1 (mod 5) and
divides n, if 5 divides exactly hΓ then 5 divides exactly also hΓ′ , because Γ and Γ
′
are isomorphic, so
we obtaint (Γ
′
)∗ = (Γ
′
5)
(1). For the others equality we use the same reasoning. Moreover,


k.Γ
(1)
5 = k.Γ.M(p) = k.M(p)
k.(Γ
′
5)
(1) = k.Γ
′
.M(p) = k.M(p)
k.(Γ
′′
5)
(1) = k.Γ
′′
.M(p) = k.M(p)
k.(Γ
′′′
5 )
(1) = k.Γ
′′′
.M(p) = k.M(p)
k.(Γ
′′′′
5 )
(1) = k.Γ
′′′′
.M(p) = k.M(p)
(3)
Hence, k.Γ
(1)
5 = k.(Γ
′
5)
(1) = k.(Γ
′′
5)
(1) = k.(Γ
′′′
5 )
(1) = k.(Γ
′′′′
5 )
(1)
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3 Fields Q( 5
√
n, ζ5) whose 5-class group is of type (5, 5)
In this section we use class number formula of [17] to give necessary and sufficient condition such that
the 5-class group of the fields Q( 5
√
n, ζ5) is of type (5, 5).
Now let u the index of subgroup E0 generated by the units of intermediate fields of the extension k/Q
in the units group of k. In [17], C.Parry prove that u is a divisor of 56. We assume that hΓ is exactly
divisible by 5 and u = 53. From [17] we have hk = (
u
5 )(
hΓ
5 )
4. The structure of the 5-class group Ck,5
is given by the following proposition:
Proposition 3.1. Let Γ be a pure quintic field, k its normal closure, and u be the index of units
defined in the notation above, then
Ck,5 ≃ Z/5Z × Z/5Z ⇐⇒ hΓ is exactly divisible by 5 and u = 53.
Proof.
Let Ck,5 ≃ Z/5Z × Z/5Z then |Ck,5| = 25 acoording to [17] |Ck,5| = (u5 )
|CΓ,5|
4
54
= 25, namly
uh4Γ = 5
7. Let n = v5(u), and n
′ = v5(hΓ), so we get that n + 4n
′ = 7, the unique natural values
of n and n′ verify this equality is n = 3 and n′ = 1. Therfore we have u = 53 and hΓ is exactly
divisible by 5.
Conversely let C+k,5 = {A ∈ Ck,5|Aτ = A} and C−k,5 = {A ∈ Ck,5|Aτ = A−1}. According to
[14,section 6, Lemma 6.2, p.34], Ck,5 ≃ C+k,5 × C−k,5 and C+k,5 ≃ CΓ,5, then C+k,5 is cyclic of order 5
because (|C+k,5| = |CΓ,5| = 5). Since |Ck,5| = |C+k,5|.|C−k,5| = 25, we get that |C−k,5| = 5 and C−k,5 is
a cyclic group of order 5, then Ck,5 ≃ Z/5Z× Z/5Z.
4 Proof of Main Theorem
Theorem 4.1. (Decompositon in cyclotomic fields)
Let m a positive integer and p a prime number. Suppose p do not divides m, and let f be the smallest
positive integer such that pf ≡ 1 (modm). Then p splits into φ(m)/f distinct primes in Q(ζm) each
of which has a residue class degree f . In particular, p splits completely if and only if p ≡ 1 (modm)
Proof. see [19] page 14.
Corollary 4.1. Let p a prime integer, we have :
- If p = 5, λ = 1− ζ5 is the unique prime over 5 in Q(ζ5).
- If p ≡ 1 (mod 5), then p splits completely in Q(ζ5) as p = pi1pi2pi3pi4, with pii are primes in Q(ζ5)
- If p ≡ ±2 (mod 5), then p is inert in Q(ζ5).
- If p ≡ 4 (mod 5), then p splits in Q(ζ5) as p = pi1pi2, with pii are primes in Q(ζ5).
Before proving the main theorem, we give a proof of the existance of a unique prime p ≡ 1 (mod 5)
divides the radicand n in the case of rank (C
(σ)
k,5 ) = 2
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Theorem 4.2. If rank C
(σ)
k,5 = 2, so Ck,5 = C
(σ)
k,5 , and there is unique prime p ≡ 1 (mod 5) that
divides the radicand n and we have (k/k0)
∗ = k
(1)
5 .
Proof. If rank (C
(σ)
k,5 ) = 2 so the order of C
(σ)
k,5 is at least 25, since C
(σ)
k,5 ⊆ Ck,5 and |Ck,5| = 25 because
Ck,5 is of type (5, 5) we have Ck,5 = C
(σ)
k,5 it means that all ideal classes are ambiguous.
By class fields theory C1−σk,5 correspond to (k/k0)
∗ and Gal(k
(1)
5 /k)
∼= Ck,5. Since C(σ)k,5 = Ck,5, we get
C1−σk,5 = {1}, hence (k/k0)∗ = k(1)5 , and by [14, section 5, p20] we know explicitly in this case the
Hilbert 5−class field of k.
We assume now that there is no prime p ≡ 1 (mod 5) divides n.
We can write n as n = 5eqf11 ...q
fr
r p
g1
1 ....p
gs
s with qi ≡ ±2 (mod 5) and pj ≡ 4 (mod 5),
fi = 1, 2, 3, 4 for 1 ≤ i ≤ r and gj = 1, 2, 3, 4 for 1 ≤ j ≤ s, and e = 0, 1, 2, 3, 4, by Corollary 4.1 each
qi is inert in k0, and qi is ramified in Γ = Q( 5
√
n), also by Corollary 4.1 pj splits in k0 as pj = pi1pi2,
where pi1, pi2 are primes in k0, and pj is ramified in Γ = Q( 5
√
n), so the prime ideals ramified in k/k0
are those above qi and pj and the ideal above λ with λ = 1 − ζ5 if 5 is ramified in Γ = Q( 5
√
n). If
λ is ramified in k/k0, we note I the prime ideal in k above λ, and for 1 ≤ i ≤ r ,Qi the prime ideal
above qi in k, and for 1 ≤ j ≤ s ,Pj the prime ideal above pij in k, with pij is prime of k0 above pj.
We have evidently I5 = (λ), Q5i = (qi), P5j = (pij) in k.
we note by C
(σ)
k,s the group of strong ambiguous adeal classes. We have to treat two cases:
(i) C
(σ)
k,s 6= C(σ)k,5 = Ck,5:
We have (C
(σ)
k,5 )
+ = C+k,5 = {A ∈ Ck,5|Aτ = A}, by [14, section 6, Lemma 6.2, p34] C+k,5 ≃ CΓ,5
i.e C+k,5 can be generated by 5−class comes from Γ (|C+k,5| = 5). The strong ambiguous classes are
those of primes ramified in k/k0, namly [Qi] for 1 ≤ i ≤ r, [Pj ] for 1 ≤ j ≤ s and [I] if λ is ramified
in k/k0. Its easy to see that: [Qτi ] = [Qi]τ = [Qi] and [Pτj ] = [Pj ]τ = [Pj ] and [Iτ ] = [I]τ = [I],
we now that Ck,5/C
(σ)
k,s is generated by image in Ck,5/C
(σ)
k,s of element in C
+
k,5. Since C
(σ)
k,s is generated
by [Qi], [Pj ], [I] if λ is ramified in k/k0, all elements of Ck,5 will be fixed by τ , in particular whose of
C−k,5 = {A ∈ Ck,5|Aτ = A−1}, therefore ∀A ∈ C−k,5, Aτ = A−1 = A i.e A2 = 1 i.e A4 = 1, hance
A,= 1 because A is 5−class, so we get C−k,5 = 1, and this contradict the fact that |Ck,5| = 5.
(ii) C
(σ)
k,s = C
(σ)
k,5 = Ck,5:
In this case Ck,5 will be generated by [Qi], [Pj ], [I] if λ is ramifed in k/k0, and as in (i) all the
classes are fixed by τ , which give the same contradiction.
4.1 Proof of Theoreme 1.1
Let Γ = Q( 5
√
n) be a pure quintic field, where n ≥ 2 is a 5th power-free integer, k = Γ(ζ5) be its
normal closure, and Ck,5 be the 5-class group of k. Let C
(σ)
k,5 be the ambigous ideal classes group under
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the action of Gal(k/k0) = 〈σ〉. Since k0 has class number 1, C(σ)k,5 is un elementary abelian 5-group.
So rank (C
(σ)
k,5 ) = 1 or 2.
According to [14,section 5,p.16], the rank of C
(σ)
k,5 is given as follows:
rank (C
(σ)
k,5 ) = d− 3 + q∗
where d is the number of prime ideals of k0 ramified in k, and q
∗ = 0, 1 or 2 according to whether ζ5
and 1 + ζ5 is not norm or is norm of an element of k
∗ = k \ {0} as follows:
q∗ =


2 if ζ, 1 + ζ ∈ Nk/k0(k∗),
1 if ζ i(1 + ζ)j ∈ Nk/k0(k∗) for some i and j ,
0 if ζ i(1 + ζ)j /∈ Nk/k0(k∗) for 0 ≤ i, j ≤ 4 and i+ j 6= 0.
We can writ n as n = µλepie11 ....pi
eg
g , where µ is a unit in Ok0 , λ = 1 − ζ5, pi1, , , , pig are prime in k0
and e ∈ {0, 1, 2, 3, 4}, ei ∈ {1, 2, 3, 4} for 1 ≤ i ≤ g. According to [14,section 5, Lemma 5.1, p.16] we
have, ζ5 ∈ Nk/k0(k∗) ⇐⇒ Nk0/Q((pii)) ≡ 1 (mod, 25) for all i, and from [13, proposition 8.2, p 43] if
pi is a prime of Ok0 over a prime p ∈ Z we have Nk0/Q((pi)) = pf , with f is the least positif integer
such that pf ≡ 1 (mod, 5), so we can get that ζ5 is norm of an element of k∗ = k \ {0} if and only
if pf ≡ 1 (mod, 25) for all prime p 6= 5 dividing n:
− If p ≡ 1 (mod, 5), by corollary 4.1 p = pi1pi2pi3pi4, we have Nk0/Q((pii)) = p, so to have
Nk0/Q((pii)) ≡ 1 (mod, 25) the prime p must verify p ≡ 1 (mod 25).
− If p ≡ ±2 (mod, 5) we have p is inert in k0, so Nk0/Q((p)) = p4, so to have Nk0/Q((pi)) ≡
1 (mod, 25) the prime p must verify p ≡ ±7 (mod 25).
− If p ≡ 4 (mod 5),by corollary 4.1 p = pi1pi2 we have Nk0/Q((pi)) = p2, so to have Nk0/Q((pi)) ≡
1 (mod 25) the prime p must verify p ≡ −1 (mod 25).
(1) If rank (C
(σ)
k,5 ) = 1, we get that d+ q
∗ = 4, so there are three possible cases as follows:
• Case 1: q∗ = 0 and d = 4,
• Case 2: q∗ = 1 and d = 3,
• Case 3: q∗ = 2 and d = 2,
We will successively treat the three cases to prove the first point of the main theorem.
• Case 1: we have q∗ = 0 and d = 4, so the number of prime ideals which are ramified in k/k0
should be 4. According to corollar 2.1, n is divisible by one prime p ≡ 1 (mod 5) at most.
- If p1 ≡ 1 (mod 5) divides n, then by Corollary 4.1, p1 = pi1pi2pi3pi4 where pii are primes
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of k0. The prime p1 is ramified in Γ, because disk(Γ/Q) = 5
5n4 and p1 divides this discrimi-
nent, then pi1, pi2, pi3, pi4 are ramified in k. hence we have d = 4, so p1 is the unique prime divides
n, because if n is dividing by other prime we obtain d > 4, which is impossible in the three
cases. So n = pe11 with p1 ≡ 1 (mod 5) and e1 ∈ {1, 2, 3, 4}. According to [14,section 5, Lemma
5.1, p.16] we have (λ) ramifies in k/k0 ⇐⇒ n 6≡ ±1 ± 7 (mod 25), with λ = 1 − ζ5, so in the
case n = pe11 where p1 ≡ 1 (mod 5) we should have n ≡ ±1± 7 (mod 25), so the only p1 verifiy
n = pe11 ≡ ±1± 7 (mod 25) is p1 ≡ 1 (mod 25), and for this prime we have q∗ ≥ 1, because ζ5
is norme, which is impossible in this case.
We note that if n = pe11 with p1 ≡ 1 (mod 25) and q∗ = 2, there is no fields k of type (5, 5),
because we have rank(C
(σ)
k,5 ) = 3, and if q
∗ = 1 we have rank(C
(σ)
k,5 ) = 2, which will treat in
the second point of the main theorem.
-If no prime p1 ≡ 1 (mod 5) divides n, we have two forms of n:
(i) n = 5epe11 p
e2
2 6≡ ±1 ± 7 (mod 25) with p1 ≡ 4 (mod 5), p2 ≡ ±2 (mod 5) and e, e1, e2 ∈
{1, 2, 3, 4}. By Corollary 4.1, p1 = pi1pi2, where pi1, pi2 are prime in k0 and p2 is inert in
k0 , the prime p1 is ramified in Γ, then pi1, pi2 are ramified in k. We have p2 is ramified
in Γ. Since n 6≡ ±1 ± 7 (mod 25), then λ = 1 − ζ5 is ramified in k, so we get d = 4.
To verifiy that n = 5epe11 p
e2
2 6≡ ±1 ± 7 (mod 25) we can choose e1 = 2 and e2 = 1 be-
cause Q(
5
√
ab2c3d4) = Q(
5
√
a2b4cd3) = Q(
5
√
a3bc4d2) = Q(
5
√
a4b3c2d), so n = 5ep21p2 with
e ∈ {1, 2, 3, 4}. In one hand if e = 2, 3, 4 we have n ≡ 0 (mod 25), in the other hand if
n = 5p21p2 we have p
2
1p2 = 5α+2 or p
2
1p2 = 5α
′+3 with α,α′ ∈ Z, so 5p21p2 ≡ 10 (mod 25)
or 5p21p2 ≡ 15 (mod 25), therefore we conclude that n 6≡ ±1 ± 7 (mod 25). According to
[14,section 5, Theorem 5.18], if p1 ≡ 4 (mod 25) and p2 ≡ ±7 (mod 25), rank (Ck,5) is at
least 3 which contradict the fact that Ck,5 is of type (5, 5), and by the proof of [14,section 5,
Theorem 5.13,Theorem 5.15], for the other congruence cases of p1 and p2 we have q
∗ = 1
which is impossible in this case.
(ii) n = pe11 p
e2
2 p
e3
3 ≡ ±1± 7 (mod 25) with p1 ≡ 4 (mod 5), p2 ≡ 2 (mod 5),
p3 ≡ 3 (mod 5) and e1, e2, e3 ∈ {1, 2, 3, 4}. AsQ( 5
√
ab2c3d4) = Q(
5
√
a2b4cd3) = Q(
5
√
a3bc4d2) =
Q(
5
√
a4b3c2d) we can choose e2 = 2, e3 = 1 i.e n = p
e1
1 p
2
2p3 with e1 ∈ {1, 2, 3, 4}. By
Corollary 4.1 p1 = pi1pi2 where pi1, pi2 are prime in k0 and p2, p3 are inert in k0. We
have p1, p2, p3 are ramified in Γ,so pi1, pi2, p2, p3 are ramified in k then d = 4. The con-
dition n = pe11 p
2
2p3 ≡ ±1 ± 7 (mod 25) is not verified for all p1 ≡ 4 (mod 5), p2 ≡
2 (mod 5), p3 ≡ 3 (mod 5), so we combine all the cases of congruence and we obtain that
p1 ≡ −1 (mod 25), p2 ≡ 12 (mod 25), p3 ≡ 3 (mod 25). By [14,section 5, Lemma 5.1],
since Nk0/Q(pii) ≡ 1 (mod 25), Nk0/Q(p2) 6≡ 1 (mod 25), Nk0/Q(p3) 6≡ 1 (mod 25), we have
q∗ = 1 which is impossible in this case.
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We deduce that in the case 1, there is no radicand n who verifiy rank(C
(σ)
k,5 ) = 1.
• Case 2: we have q∗ = 1 and d = 3, so the number of prime ideals which are ramified in k/k0
should be 3. According to case 1, n is not dividing by any prime p ≡ 1 (mod 5) in this case.
We can writ n as n = µλepie11 ....pi
eg
g , where µ is a unit in Ok0 , λ = 1− ζ5, pi1, , , , pig are prime in
k0 and e ∈ {0, 1, 2, 3, 4}, ei ∈ {1, 2, 3, 4} for 1 ≤ i ≤ g.
d = g or g + 1 according to whether n ≡ ±1± 7 (mod 25) or n 6≡ ±1 ± 7 (mod 25), to obtain
d = 3, n must be written in Ok0 as: n = pie11 pie22 pie33 or n = λepie11 pie22 , therefore we have three
forms of n:
(i) n = 5epe11 6≡ ±1±7 (mod 25) with p1 ≡ −1 (mod 5) and e, e1 ∈ {1, 2, 3, 4}. AsQ( 5
√
ab2c3d4) =
Q(
5
√
a2b4cd3) = Q(
5
√
a3bc4d2) = Q(
5
√
a4b3c2d) we can choose e1 = 1 i.e n = 5
ep1 with
e ∈ {1, 2, 3, 4}. By Corollary 4.1 p1 = pi1pi2 with pi1, pi2 are prime in k0, we have p1 is
ramified in Γ, so pi1, pi2 are ramified in k, and since n 6≡ ±1 ± 7 (mod 25), according to
[14,section 5, Lemma 5.1, p.16], λ = 1 − ζ5 is ramified in k so we obtain d = 3. The
condition n 6≡ ±1 ± 7 (mod 25) is verified for all p1 ≡ 4 (mod 5) because, if e = 2, 3, 4
we have n = 5ep1 ≡ 0 (mod 25), if e = 1 i.e n = 5p1 we have p1 = 5α + 4 that implie
5p1 = 25α + 20 with α ∈ Z, so n = 5p1 ≡ 20 (mod 25). According to the proof of [14,
section 5, theorem 5.15] if p1 ≡ −1(mod 25) we have q∗ = 2, and if p1 6≡ −1(mod 25) we
have q∗ = 1, we conclude that n = 5ep1 6≡ ±1± 7 (mod 25) with p1 6≡ −1(mod 25).
We note that the computational number theory system PARI [20], show that if n =
5ep1 6≡ ±1± 7 (mod 25) with p1 6≡ −1(mod 25), the field k is not always of type (5, 5).
(ii) n = 5epe11 p
e2
2 6≡ ±1 ± 7 (mod 25) with p1 ≡ 2 (mod 5), p2 ≡ 3 (mod 5) and e, e1, e2 ∈
{1, 2, 3, 4}. As Q( 5
√
ab2c3d4) = Q(
5
√
a2b4cd3) = Q(
5
√
a3bc4d2) = Q(
5
√
a4b3c2d), we can
choose e1 = 2 and e2 = 1 i.e n = 5
ep21p2 with e ∈ {1, 2, 3, 4}. By Corollary 4.1, p1
and p2 are inert in k0 , and p1, p2 are ramified in Γ, then p1, p2 are ramified in k. Since
n 6≡ ±1 ± 7 (mod 25), then λ = 1 − ζ5 is ramified in k, so we get d = 3.The condition
n 6≡ ±1 ± 7 (mod 25) is verified for all p1 ≡ 2 (mod 5), p2 ≡ 3 (mod 5), if e = 2, 3, 4 we
have n = 5ep21p2 ≡ 0 (mod 25), if n = 5p21p2 we have p21p2 = 5α + 2 with α,∈ Z, so
5p21p2 ≡ 10 (mod 25).If p1 ≡ 7 (mod 25) and p2 ≡ −7 (mod 25) we have q∗ = 2, and if
p1 6≡ 7 (mod 25) or p2 6≡ −7 (mod 25), according to the proof of [14, section 5, theorem
5.13] we have q∗ = 1, but for this form of the radicand n the computational number theory
system PARI [20] show that Ck,5 ≃ Z/5Z.
(iii) n = pe11 p
e2
2 ≡ ±1 ± 7 (mod 25) with p1 ≡ 4 (mod 5), p2 ≡ ±2 (mod 5) and e1, e2 ∈
{1, 2, 3, 4}. As Q( 5
√
ab2c3d4) = Q(
5
√
a2b4cd3) = Q(
5
√
a3bc4d2) = Q(
5
√
a4b3c2d) we can
choose e2 = 1 i.e n = p
e1
1 p2 with e1 ∈ {1, 2, 3, 4}. By Corollary 4.1 p1 = pi1pi2 where
pi1, pi2 are prime in k0 and p2 is inert in k0. We have p1 is ramified in Γ,so pi1, pi2 are
ramified in k. p2 is ramified in Γ too, we obtain d = 3. The condition n = p
e1
1 p2 ≡
9
±1± 7 (mod 25) is not verified for all p1 ≡ 4 (mod 5), p2 ≡ 2 or 3 (mod 5), so we combine
all the cases of congruence and we obtain that p1 ≡ 9, 14, 4, 19,−1 (mod 25) and p2 ≡
±2, 3,±7 (mod 25). If p1 ≡ −1 (mod 25) and p2 ≡ ±7 (mod 25) we have q∗ = 2, and if
p1 6≡ −1 (mod 25) or p2 6≡ ±7 (mod 25), according to [14, section 5, theorem 5.13] we have
q∗ = 1. Using the computational number theory system PARI/GP [20], if n = pe11 p2
with p1 ≡ 9, 14, 4, 19 (mod 25) and p2 ≡ ±2, 3 (mod 25), the field k is not always of type
(5, 5).
We summarize all forms of integer n in the case 2, for which k is of type (5, 5) and rank (C
(σ)
k,5 ) = 1
as follows:
n =
{
5ep1 6≡ ±1,±7 (mod 25) with p1 6≡ −1 (mod 25),
pe11 p2 ≡ ±1,±7 (mod 25) with p1 ≡ 9, 14, 4, 19 (mod 25), p2 ≡ ±2, 3 (mod 25)
(4)
• Case 3: we have q∗ = 2 and d = 2, so the number of prime ideals which are ramified in k/k0
should be 2.
Let n = µλepie11 ....pi
eg
g , where µ is a unit in Ok0 , λ = 1 − ζ5, pi1, , , , pig are primes in k0 and
e ∈ {0, 1, 2, 3, 4}, ei ∈ {1, 2, 3, 4} for 1 ≤ i ≤ g.
By [14,section 5, p.16] d = g or g + 1 according to whether n ≡ ±1± 7 (mod 25) or
n 6≡ ±1± 7 (mod 25), to obtain d = 2, n must be written in Ok0 as: n = pie11 pie22 or n = λepie11 ,
therefore we have three forms of n:
(i) n = 5epe11 6≡ ±1±7 (mod 25) with p1 ≡ ±2 (mod 5) and e, e1 ∈ {1, 2, 3, 4}. AsQ( 5
√
ab2c3d4) =
Q(
5
√
a2b4cd3) = Q(
5
√
a3bc4d2) = Q(
5
√
a4b3c2d) we can choose e1 = 1 i.e n = 5
ep1 with
e ∈ {1, 2, 3, 4}. Since q∗ = 2 so we have p1 ≡ ±7 (mod 25). By Corollary 4.1 p1 is inert in
k0, we have p1 is ramified in Γ, so p1 is ramified too in k, and since n 6≡ ±1± 7 (mod 25),
according to [14,section 5, Lemma 5.1, p.16], λ = 1 − ζ5 is ramified in k so we ob-
tain d = 2. The condition n 6≡ ±1 ± 7 (mod 25) is verified for all p1 ≡ ±7 (mod 5)
because, if e = 2, 3, 4 we have n = 5ep1 ≡ 0 (mod 25), if e = 1 i.e n = 5p1 we
have n = 5p1 ≡ ±10 (mod 25), we conclude that n = 5ep1 6≡ ±1 ± 7 (mod 25) with
p1 ≡ ±7 (mod 25), but for this form of the radicand n the computational number theory
system PARI/GP [20] show that Ck,5 ≃ Z/5Z.
(ii) n = pe11 p
e2
2 ≡ ±1 ± 7 (mod 25) with p1 ≡ 3 (mod 5), p2 ≡ 2 (mod 5) and e1, e2 ∈
{1, 2, 3, 4}. As Q( 5
√
ab2c3d4) = Q(
5
√
a2b4cd3) = Q(
5
√
a3bc4d2) = Q(
5
√
a4b3c2d) we can
choose e2 = 1 i.e n = p
e1
1 p2 with e1 ∈ {1, 2, 3, 4}. Since q∗ = 2, we have ζ5 ∈ Nk/k0(k∗),
we get that p1 ≡ −7 (mod 25) and p2 ≡ 7 (mod 25). By Corollary 4.1 p1 and p2 are
inert in k0, and we have p1, p2 are ramified in Γ,so p1, p2 are ramified in k, so we ob-
tain d = 2. The condition n = pe11 p2 ≡ ±1 ± 7 (mod 25) is verified, because we have
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n = pe11 p2 ≡ ±7 (mod 25) for all e1, so we conclude that n = pe11 p2 ≡ ±1 ± 7 (mod 25)
with p1 ≡ −7 (mod 25), p2 ≡ 7 (mod 25), but for this form of the radicand n the compu-
tational number theory system PARI/GP [20] show that Ck,5 ≃ Z/5Z
(iii) n = pe11 ≡ ±1 ± 7 (mod 25) with p1 ≡ 4 (mod 5) and e1 ∈ {1, 2, 3, 4}. Since q∗ = 2,
we have ζ5 ∈ Nk/k0(k∗), we get that p1 ≡ −1 (mod 25). By Corollary 4.1, p1 = pi1pi2
where pi1, pi2 are primes of k0. The prime p1 is ramified in Γ, then pi1, pi2 are ramified in k.
hence we have d = 2. The condition n = pe11 ≡ ±1 ± 7 (mod 25) is verified for all p1 ≡
−1 (mod 25), we conclude that n = pe11 ≡ ±1± 7 (mod 25) with p1 ≡ −1 (mod 25). Using
the computational number theory system PARI/GP [20], if n = pe11 ≡ ±1± 7 (mod 25)
with p1 ≡ −1 (mod 25), the field k is not always of type (5, 5).
We deduce that in the case 3, there is one form of n for which the fields k is of type (5, 5) and
rank(C
(σ)
k,5 ) = 1 as follows:
n = pe11 ≡ ±1,±7 (mod 25) with p1 ≡ −1 (mod 25)
(2) If rank (C
(σ)
k,5 ) = 2, so Ck,5 = C
(σ)
k,5 . According to [14,section 5,p.16], the rank of C
(σ)
k,5 is given
as follows:
rank (C
(σ)
k,5 ) = d− 3 + q∗
where d et q∗ are defined previously. Since rank (C
(σ)
k,5 ) = 2 and q
∗ = 0, 1 or 2, there are three possible
cases as follows:
• Case 1: q∗ = 0 and d = 5,
• Case 2: q∗ = 1 and d = 4,
• Case 3: q∗ = 2 and d = 3,
We will treat the three cases to prove the forms of the radicand n. By theorem 4.2, n must be divisible
by one prime p ≡ 1 (mod 5) in all cases, and since rank (C(σ)k,5 ) = 2, the invariant q∗ should be 0 or 1,
because if q∗ = 2 and p ≡ 1 (mod 5) divides n, we get that the invariant d is at least 4, so we obtain
that rank (C
(σ)
k,5 ) is at least 3.
• Case 1: we have q∗ = 0 and d = 5, so the number of prime ideals which are ramified in k/k0
should be 5. The radicand n must be divisible by one prime p ≡ 1 (mod 5).
We can writ n ∈ Ok0 as n = µλepie11 ....piegg , where µ is a unit in Ok0 , λ = 1 − ζ5, pi1, , , , pig are
primes in k0 and e ∈ {0, 1, 2, 3, 4}, ei ∈ {1, 2, 3, 4} for 1 ≤ i ≤ g.
d = g or g + 1 according to whether n ≡ ±1± 7 (mod 25) or n 6≡ ±1 ± 7 (mod 25), to obtain
d = 5, n must be written in Ok0 as: n = pie11 pie22 pie33 pie44 pie55 or n = λepie11 pie22 pie33 pie44 , therefore we
have two forms of n:
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(i) n = 5epe11 6≡ ±1±7 (mod 25) with p1 ≡ 1 (mod 5) and e, e1 ∈ {1, 2, 3, 4}. AsQ( 5
√
ab2c3d4) =
Q(
5
√
a2b4cd3) = Q(
5
√
a3bc4d2) = Q(
5
√
a4b3c2d) we can choose e1 = 1 i.e n = 5
ep1 with
e ∈ {1, 2, 3, 4}. By Corollary 4.1 p1 = pi1pi2pi3pi4 with pii are primes in k0, we have p1 is
ramified in Γ, so pi1, pi2, pi3, pi4 are ramified in k, and since n 6≡ ±1± 7 (mod 25), according
to [14,section 5, Lemma 5.1, p.16], λ = 1−ζ5 is ramified in k so we obtain d = 5. The con-
dition n 6≡ ±1±7 (mod 25) is verified for all p1 ≡ 1 (mod 5), because if e = 2, 3, 4 we have
n = 5ep1 ≡ 0 (mod 25), if e = 1 i.e n = 5p1 we have p1 = 5α+1 that implie 5p1 = 25α+5
with α ∈ Z, so n = 5p1 ≡ 5 (mod 25). if p1 ≡ 1(mod 25) we have ζ5 ∈ Nk/k0(k∗), so
q∗ = 1 which in impossible in this case. We conclude that n = 5ep1 6≡ ±1 ± 7 (mod 25)
with p1 6≡ 1(mod 25). Using the computational number theory system PARI/GP [20],
if n = 5ep1 6≡ ±1±7 (mod 25) with p1 6≡ 1(mod 25), the field k is not always of type (5, 5).
(ii) n = pe11 p
e2
2 ≡ ±1 ± 7 (mod 25) with p1 ≡ 1 (mod 5), p2 ≡ 2 or 3 (mod 5) and e1, e2 ∈
{1, 2, 3, 4}. As Q( 5
√
ab2c3d4) = Q(
5
√
a2b4cd3) = Q(
5
√
a3bc4d2) = Q(
5
√
a4b3c2d) we can
choose e2 = 1 i.e n = p
e1
1 p2 with e1 ∈ {1, 2, 3, 4}. By Corollary 4.1 p1 = pi1pi2pi3pi4
where pii are primes in k0 and p2 is inert in k0. We know that p1 is ramified in Γ,so
pi1, pi2, pi3, pi4 are ramified in k. p2 is ramified in Γ too, we obtain d = 5. The condition n =
pe11 p2 ≡ ±1± 7 (mod 25) is not verified for all p1 ≡ 1 (mod 5), p2 ≡ 2 or 3 (mod 5), so we
combine all the cases of congruence and we obtain that p1 ≡ , 6, 11, 16, 21 (mod 25) and p2 ≡
±2,±3 (mod 25). Using the computational number theory system PARI/GP [20], if n =
pe11 p2 ≡ ±1±7 (mod 25), with p1 ≡ , 6, 11, 16, 21 (mod 25), and p2 ≡ ±2,±3 (mod 25), the
field k is not always of type (5, 5)
We summarize all forms of integer n in this case as follows:
n =
{
5ep1 6≡ ±1,±7 (mod 25) with p1 ≡ 1 (mod 5),
pe11 p2 ≡ ±1,±7 (mod 25) with p1 ≡ 6, 11, 16, 21 (mod 25) p2 ≡ ±2,±3 (mod 25)
(5)
• Case 2: We have q∗ = 1 and d = 4, so the number of prime ideals which are ramified in k/k0
should be 4. The radicand n must be divisible by one prime p ≡ 1 (mod 5), and according
to Corollary 4.1 p splits in k0 as p = pi1pi2pi3pi4 with pii are primes in k0, since p is ramified
in Γ, so pi1, pi2, pi3, pi4 are ramified in k, hence if n is devisible by another prime than p the
number of prime which are ramified in k/k0 surpass 4, therefore we have unique form of n in
this case, its n = pe11 ≡ ±1 ± 7 (mod 25) with p1 ≡ 1 (mod 5) and e1 ∈ {1, 2, 3, 4}. The
condition n ≡ ±1 ± 7 (mod 25) is verified only for p ≡ 1, (mod 25), and we have q∗ = 1. In
conclusion we get n = pe11 with p1 ≡ 1, (mod 25). Using the computational number theory
system PARI/GP [20], if n = pe11 ≡ ±1± 7 (mod 25) with p1 ≡ 1(mod 25), the field k is not
always of type (5, 5)
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• case 3: We have q∗ = 2 and d = 3, so the number of prime ideals which are ramified in k/k0
should be 3. The radicand n must be divisible by one prime p ≡ 1 (mod 5), and according to
Corollary 4.1 p = pi1pi2pi3pi4 with pii are primes in k0, since p is ramified in Γ, so pi1, pi2, pi3, pi4
are ramified in k, so we deduce that the number of primes ramified in k/k0 is at least 4, so the
case 3 does not exist.
5 Numerical examples
Let Γ = Q( 5
√
n) be a pure quintic field, where n is a positive integer, 5th power-free, and let k =
Q( 5
√
n, ζ5) its normal closure. assume that Ck,5 is of type (5, 5). Using the system PARI/GP [20],
we illustrates our main result Theorem 1.1. Here we denote by:
Ck,5 : the 5-class groupe of k
C
(σ)
k,5 : the group of ambiguous classes of k/k0
5.1 rank (C
(σ)
k,5 ) = 1
Table 1: n = pe11 p2 ≡ ±1± 7 (mod 25) with pi ≡ ±7 (mod 25)
p1 p1 (mod 5) p1 (mod 25) p2 p2 (mod 5) p2 (mod 25) n = p
e1
1 p2 hk,5 Ck,5 rank (C
(σ)
k,5 )
7 2 7 43 3 -7 2107 = 72 × 43 5 Z/5Z 1
7 2 7 193 3 -7 1351 = 7× 193 5 Z/5Z 1
7 2 7 293 3 -7 2051 = 7× 293 5 Z/5Z 1
107 2 7 43 3 -7 492307 = 1072 × 43 5 Z/5Z 1
107 2 7 193 3 -7 20651 = 107× 193 5 Z/5Z 1
107 2 7 293 3 -7 31351 = 107× 293 5 Z/5Z 1
107 2 7 443 3 -7 47401 = 107× 443 5 Z/5Z 1
157 2 7 43 3 -7 6751 = 157× 43 5 Z/5Z 1
157 2 7 193 3 -7 30301 = 157× 193 5 Z/5Z 1
157 2 7 443 3 -7 69551 = 157× 443 5 Z/5Z 1
257 2 7 193 3 -7 49601 = 257× 293 5 Z/5Z 1
257 2 7 293 3 -7 75301 = 257× 293 5 Z/5Z 1
307 2 7 193 3 -7 59251 = 307× 193 5 Z/5Z 1
457 2 7 43 3 -7 19651 = 457 × 43 5 Z/5Z 1
457 2 7 443 3 -7 202451 = 457 × 443 5 Z/5Z 1
557 2 7 43 3 -7 23251 = 557 × 43 5 Z/5Z 1
607 2 7 43 3 -7 26101 = 607 × 43 5 Z/5Z 1
757 2 7 43 3 -7 32551 = 757 × 43 5 Z/5Z 1
857 2 7 43 3 -7 36851 = 857 × 43 5 Z/5Z 1
907 2 7 43 3 -7 39001 = 907 × 43 5 Z/5Z 1
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Table 2 : n = 5ep1 6≡ ±1± 7 (mod 25) with p1 ≡ ±7 (mod 25)
p1 n = 5
ep1 p1 (mod 5) p1 (mod 25) hk,5 Ck,5 rank (C
(σ)
k,5 )
7 175 = 52 × 7 2 7 5 Z/5Z 1
107 535 = 5× 107 2 7 5 Z/5Z 1
157 19625 = 53 × 157 2 7 5 Z/5Z 1
257 6425 = 52 × 257 2 7 5 Z/5Z 1
307 38375 = 53 × 307 2 7 5 Z/5Z 1
457 2285 = 5× 457 2 7 5 Z/5Z 1
557 2785 = 5× 557 2 7 5 Z/5Z 1
607 3053 = 5× 607 2 7 5 Z/5Z 1
757 3785 = 5× 457 2 7 5 Z/5Z 1
857 4285 = 5× 457 2 7 5 Z/5Z 1
907 4535 = 5× 907 2 7 5 Z/5Z 1
43 1075 = 52 × 43 3 -7 5 Z/5Z 1
193 120625 = 54 × 193 3 -7 5 Z/5Z 1
293 120625 = 54 × 193 3 -7 5 Z/5Z 1
443 11075 = 52 × 443 3 -7 5 Z/5Z 1
643 3215 = 5× 643 3 -7 5 Z/5Z 1
Table 3: n = 5ep21p2 6≡ ±1± 7 (mod 25) with p1 or p2 6≡ ±7 (mod 25)
p1 p1 (mod 5) p1 (mod 25) p2 p2 (mod 5) p2 (mod 25) n = 5
ep21p2 hk,5 Ck,5 rank (C
(σ)
k,5 )
2 2 2 3 3 3 60 = 5× 22 × 3 5 Z/5Z 1
2 2 2 13 3 13 260 = 5× 22 × 13 5 Z/5Z 1
2 2 2 53 3 3 1060 = 5× 22 × 53 5 Z/5Z 1
2 2 2 23 3 -2 460 = 5× 22 × 23 5 Z/5Z 1
7 2 7 3 3 3 735 = 5× 72 × 3 5 Z/5Z 1
17 2 17 3 3 3 108375 = 53 × 172 × 3 5 Z/5Z 1
17 2 17 23 3 -2 33235 = 5× 172 × 23 5 Z/5Z 1
37 2 17 3 3 3 20535 = 5× 372 × 13 5 Z/5Z 1
37 2 17 13 3 13 88985 = 5× 372 × 13 5 Z/5Z 1
47 2 -3 3 3 3 33135 = 5× 472 × 3 5 Z/5Z 1
47 2 -3 13 3 13 143585 = 5× 472 × 13 5 Z/5Z 1
47 2 -3 23 3 -2 254035 = 5× 472 × 23 5 Z/5Z 1
47 2 -3 43 3 -7 474935 = 5× 472 × 43 5 Z/5Z 1
107 2 7 23 3 -2 1316635 = 5× 22 × 3 5 Z/5Z 1
67 2 17 3 3 3 67335 = 5× 672 × 3 5 Z/5Z 1
67 2 17 53 3 3 1189585 = 5× 672 × 53 5 Z/5Z 1
97 2 -3 43 3 -7 2022935 = 5× 972 × 43 5 Z/5Z 1
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Table 4: n = pe11 p2 6≡ ±1± 7 (mod 25) with p1 ≡ 9, 14, 19, 4 (mod 25), p2 ≡ ±2, 3 (mod 25)
p1 p1 (mod 5) p1 (mod 25) p2 p2 (mod 5) p2 (mod 25) n = p
e1
1 p2 hk,5 Ck,5 rank (C
(σ)
k,5 )
59 -1 9 2 2 2 118 = 59× 2 25 (5, 5) 1
109 -1 9 27 2 2 2943 = 109 × 27 25 (5, 5) 1
109 -1 9 53 3 3 5777 = 109 × 53 25 (5, 5) 1
19 -1 19 2 2 2 38 = 19× 2 25 (5, 5) 1
269 -1 19 103 3 3 27707 = 269× 103 25 (5, 5) 1
29 -1 4 2 2 2 722 = 192 × 2 25 (5, 5) 1
179 -1 4 53 3 3 9784 = 179 × 53 25 (5, 5) 1
Table 5: n = 5ep1 6≡ ±1± 7 (mod 25) with p1 6≡ −1(mod 25)
p1 n = 5
ep1 p1 (mod 5) p1 (mod 25) hk,5 Ck,5 rank (C
(σ)
k,5 )
19 475 = 52 × 19 -1 19 25 (5,5) 1
29 145 = 5× 29 -1 4 25 (5,5) 1
59 7375 = 53 × 59 -1 9 25 (5,5) 1
89 55625 = 54 × 89 -1 14 25 (5,5) 1
109 2725 = 52 × 109 -1 9 25 (5,5) 1
229 28625 = 53 × 229 -1 4 25 (5,5) 1
239 1195 = 5× 239 -1 14 25 (5,5) 1
269 6725 = 52 × 19 -1 19 25 (5,5) 1
379 168125 = 54 × 379 -1 4 25 (5,5) 1
389 1945 = 52 × 389 -1 14 25 (5,5) 1
Table 6: n = pe11 ≡ ±1± 7 (mod 25) with p1 ≡ −1 (mod 25)
p1 n = p
e1
1 p1 (mod 5) p1 (mod 25) hk,5 Ck,5 rank (C
(σ)
k,5 )
149 22201 = 1492 -1 -1 25 (5, 5) 1
199 7880599 = 1993 -1 -1 25 (5, 5) 1
349 42508549 = 3493 -1 -1 25 (5, 5) 1
449 449 -1 -1 25 (5, 5) 1
559 559 -1 -1 25 (5, 5) 1
1249 1249 -1 -1 25 (5, 5) 1
1499 1499 -1 -1 25 (5, 5) 1
1949 1949 -1 -1 25 (5, 5) 1
1999 1999 -1 -1 25 (5, 5) 1
2099 449 -1 -1 25 (5, 5) 1
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5.2 rank (C
(σ)
k,5 ) = 2
Table 1: n = 5ep1 6≡ ±1± 7 (mod 25) with p1 6≡ 1(mod 25)
p1 n = 5
ep1 p1 (mod 5) p1 (mod 25) hk,5 Ck,5 rank (C
(σ)
k,5 )
11 55 = 5× 11 1 11 25 (5,5) 2
41 5125 = 53 × 41 1 -9 25 (5,5) 2
61 5125 = 54 × 61 1 11 25 (5,5) 2
71 1775 = 52 × 71 1 -4 25 (5,5) 2
131 655 = 5× 131 1 6 25 (5,5) 2
181 113125 = 54 × 181 1 6 25 (5,5) 2
241 30125 = 53 × 241 1 -9 25 (5,5) 2
311 1555 = 5× 311 1 11 25 (5,5) 2
331 8275 = 52 × 331 1 6 25 (5,5) 2
431 2155 = 5× 431 1 6 25 (5,5) 2
Table 2: n = pe11 p2 ≡ ±1± 7 (mod 25) with p1 ≡ , 6, 11, 16, 21 (mod 25) and p2 ≡ ±2,±3 (mod 25)
p1 p1 (mod 5) p1 (mod 25) p2 p2 (mod 5) p2 (mod 25) n = p
e1
1 p2 hk,5 Ck,5 rank (C
(σ)
k,5 )
31 1 6 2 2 2 31× 2 25 (5, 5) 2
131 1 6 23 3 -2 1313 × 23 25 (5, 5) 2
181 1 6 47 2 -3 181× 47 25 (5, 5) 2
11 1 11 3 3 3 11× 3 25 (5, 5) 2
41 1 16 23 3 -2 41× 23 25 (5, 5) 2
191 1 16 2 2 2 191 × 2 25 (5, 5) 2
41 1 16 47 2 -3 412 × 47 25 (5, 5) 2
311 1 11 2 2 2 3114 × 2 25 (5, 5) 2
Table 3: n = pe11 ≡ ±1± 7 (mod 25) with p1 ≡ 1(mod 25)
p1 n = p
e1
1 p1 (mod 5) p1 (mod 25) hk,5 Ck,5 rank (C
(σ)
k,5 )
151 151 1 1 25 (5,5) 2
251 2512 1 1 25 (5,5) 2
601 6013 1 1 25 (5,5) 2
1051 10514 1 1 25 (5,5) 2
1301 1301 1 1 25 (5,5) 2
1451 14512 1 1 25 (5,5) 2
1801 18013 1 1 25 (5,5) 2
1901 19014 1 1 25 (5,5) 2
2111 2111 1 1 25 (5,5) 2
2131 21312 1 1 25 (5,5) 2
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6 Conjecture
In this article, we have classified some pure quintic fields Q( 5
√
n), more precisely, we focused on the
ones whose normal closures Q( 5
√
n, ζ5) possesses a 5-class groups of type (5, 5), by treating the rank
of the ambiguous classes, that can be characterized by the radicand n.
As to provide numerical examples, we use the system PARI/GP 20. Thus, we have noticed that the
done calculations for conerning n forms, show that 5-class groupe Ck,5 of the field k, is isomorphic to
Z/5Z, which allows us to give this conjecture as follows:
Conjecture 6.1. Let Γ = Q( 5
√
n) be a pure quintic field, where n is a positive integer, 5th power-free.
Let k = Γ(ζ5) be the normal closure of Γ. Denote by Ck,5 the 5-class group of k.
If the radicand n take one form as follows:
n =


pe11 p2 ≡ ±1± 7 (mod 25) with pi ≡ ±7 (mod 25)
5ep1 6≡ ±1± 7 (mod 25) with p1 ≡ ±7 (mod 25)
5ep21p2 6≡ ±1± 7 (mod 25) with p1 or p2 6≡ ±7 (mod 25)
(6)
Then Ck,5 is a cyclic groupe of order 5.
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